We construct new M-theory solutions starting from those that contain 5 U (1) isometries. We do this by reducing along one of the 5-torus directions, then T-dualizing via the action of an O(4, 4) matrix and lifting back to 11-dimensions. The particular T-duality transformation is a sequence of O(2, 2) transformations embedded in O(4, 4), where the action of each O(2, 2) gives a Lunin-Maldacena deformation in 10-dimensions. We find general formulas for the metric and 4-form field of single and multiparameter deformed solutions, when the 4-form of the initial 11-dimensional background has at most one leg along the 5-torus. All the deformation terms in the new solutions are given in terms of subdeterminants of a 5 × 5 matrix, which represents the metric on the 5-torus. We apply these results to several M-theory backgrounds of the type AdS r × X 11−r . By appropriate choices of the T-duality and reduction directions we obtain analogues of beta, dipole and noncommutative deformations. We also provide formulas for backgrounds with only 3 or 4 U (1) isometries and study a case, for which our assumption for the 4-form field is violated.
Introduction
Construction of new M-theory solutions has been an important area of research for a long time. The goal of this paper is to generate new M-theory solutions by deforming those that involve five U (1) isometries. Our method is a generalization of the Lunin-Maldacena procedure [1] , which gives the string theory duals of β deformations of certain field theories.
β deformations can be applied to U (N ) field theories with a U (1) × U (1) global symmetry. An example is the Leigh-Strassler deformation [2] of the N = 4 Super Yang-Mills theory, which breaks the supersymmetry to N = 1. The global U (1) × U (1) symmetry of the field theory corresponds to a 2-torus in the dual gravity picture. A string theory background with a 2-torus in its geometry possesses an O(2, 2) T-duality symmetry. Strictly speaking, the T-duality symmetry of the string theory background is O(2, 2, Z), which transforms the conformal field theory on the string world-sheet to an equivalent one. On the other hand, the corresponding supergravity theory has an O(2, 2, R) solution generating symmetry, which transforms the conformal field theory on the world-sheet to an exactly marginal deformation of it (see [3] for a review). There is the well-known isomorphism SO(2, 2, R) ≃ SL(2, R) τ × SL(2, R) ρ , where the first factor acts on the complex structure modulus and the second factor acts on the Kähler modulus of the 2-torus. Lunin and Maldacena (LM) [1] used the latter to generate new Type IIB solutions and showed that these solutions correspond to the β deformation of the field theory duals of the initial gravity solution, when the 2-torus lies in the geometry in a certain way. Later in [4] the O(2, 2) matrix whose action generates the deformed solutions was identified by considering the way SL(2, R) ρ sits in O(2, 2, R). The method of LM works for any 2-torus that lies in the background geometry and by different choices one can obtain the duals of noncommutative and dipole deformations, as well. Therefore, this procedure provides a unified framework for studying different types of deformations. In this paper, we refer to any of these as a LM deformation.
This idea was generalized to construct new M-theory solutions by deforming M-theory backgrounds which involve a U (1) 3 isometry in their geometry [1] . To do this, one can reduce along one of the coordinates of the 3-torus to obtain a Type IIA solution, use the SL(2, R) ρ symmetry associated with the remaining two legs to generate a new solution in ten dimensions and lift back to eleven dimensions. The first eleven dimensional example had already appeared in [1] , where a β deformation of the AdS 4 × S 7 solution was obtained by using a 3-torus lying completely in S 7 . Later, β deformations of backgrounds of the type AdS 4 × M 7 , where M 7 is a 7-dimensional Sasaki-Einstein manifold [5] - [11] were performed in [12] and [13] . Deformations of the membrane [14] and five-brane [15] solutions of the D=11 supergravity [16] and their near horizon geometries were obtained in [17] , where in addition to the β deformations, dipole and noncommutative deformations were considered, as well. Recently, β deformations of AdS 4 × S 7 /Z k were studied in [18] . All these are single parameter deformations. All the backgrounds that have been considered so far have a common feature: they all involve more than three (in fact, five) U (1) isometries, allowing a generalization of the LM procedure. In this paper, we study this generalization, and hence construct new deformations involving one and more parameters. Multiparameter deformations of ten dimensional string backgrounds were first studied in [19] .
Our method will be as follows. For a general eleven dimensional background with n ≥ 3 U (1) isometries, we start by reducing along one of the legs of the n-torus associated with these, thereby obtaining a IIA solution with an O(n − 1, n − 1) solution generating symmetry. We deform this solution through the action of an O(n − 1, n − 1) matrix and lift back to eleven dimensions. Here, a crucial (but not restrictive for the examples that are of interest to us) assumption is that this n-torus should be decoupled from the rest of the geometry. The particular T-duality transformation we use is a sequence of O(2, 2) transformations embedded in O(n − 1, n − 1), where the action of each O(2, 2) gives a LM deformation. Our procedure allows up to n!/6(n−3)! parameters, which corresponds to the number of ways one can choose 3-dimensional subtori from the n-torus. When we present our method in the next section, we choose n = 5, and show that the deformed solutions are of a universal form and all the terms depending on the deformation parameter can be written in terms of subdeterminants of a 5 × 5 matrix, representing the metric on the 5-torus. The choice n = 5 is preferred basically for two reasons. Firstly, all the examples that are of interest to us have 5 U (1) isometries. Secondly, the general formulas obtained in this case also includes the n = 3 and n = 4 cases, after an additional assumption.
A one-parameter deformation obtained with our method (which is the only possibility when n = 3) corresponds to a choice of a 3-dimensional subtorus of the 5-torus in the geometry and gives an ordinary LM deformation in 11 dimensions. However, even in this simplest case, our method has the virtue of providing general formulas, which make the calculations much easier.
The real novelty arises when n > 3, which allows the introduction of more than one deformation parameters. We illustrate our method through several examples, all of which are of the form AdS r × X 11−r motivated, of course by the AdS/CFT correspondence [20, 21, 22] . Choosing the 3-torus to lie completely in the compact part, completely in the noncompact part or partly in the compact and partly in the noncompact part of the geometry correspond to the analogues of the duals of β, noncommutative and dipole deformations in string theory, respectively. We also introduce "mixed deformations", which are multiparameter deformations involving several 3-tori, where each 3-torus gives rise to a different type of deformation.
The organization of our paper is as follows. In the next section we describe our method for the simpler case of one parameter deformations. We start by imposing rather mild conditions on the 4-form and the metric of a given 11 dimensional background and derive general formulas for the deformed 4-form (25) and the metric (29) . Then we apply these to the backgrounds AdS 4 × (Sasaki-Einstein) 7 (with base CP 2 ) [6] and AdS 7 × S 4 in subsections 2.1 and 2.2. In subsection 2.3 we explain, through the AdS 7 × S 4 example, how our method should be modified, when our assumption for the 4-form does not hold. In section 3, we generalize our discussion to the multiparameter case. After giving general formulas for the deformed metric (92) and the 4-form (95), we obtain the 3-parameter β, dipole and mixed deformations of the AdS 4 × (Sasaki-Einstein) 7 (with base S 2 × S 2 ) solution [6] . We conclude with some comments and future directions in section 4. Appendices contain proofs of two equations which are used in deriving the general formulas and necessary subdeterminants for section 3.
One Parameter Deformations
In this section we obtain the 1-parameter LM deformation of a general eleven dimensional background with three or more isometries. Before we start, let us fix our notation. Throughout the paper the hatted fields refer to eleven dimensional fields, whereas fields without hats are in ten dimensions. We use tilde for fields after deformation in ten or eleven dimensions. Our index conventions are such that (unless otherwise indicated) M, N run from 1 to 11, the indices m, n, p, q, r count the five isometry directions, running from 1 to 5, whereas µ, ν count the remaining coordinates from 6 to 11. We also have that i, j, k, l ∈ {1, 2, 3, 4} and a, b, c ∈ {1, 2, 3}. For a general matrix A, A(i | j) denotes the matrix obtained from A by deleting the ith column and jth row. Similarly, A(a, b | i, j) is the matrix obtained from A by deleting columns a, b and rows i, j. Note that when A is symmetric
Before focusing on eleven dimensional backgrounds, let us review the LM deformations in ten dimensions, where our approach will be that of [4] . LM deformations can be applied to backgrounds with two U (1) isometries. Let us label the coordinates such that these isometries have Killing vectors ∂/∂x 1 , ∂/∂x 2 . Suppose that x 1 and/or x 2 couple to d − 2 other coordinates, which we label as x 3 , · · · , x d . Then the deformed solution can be expressed in a simple way using the so called background matrix defined as:
where g and B are the matrices with entries g ij , and B ij . Here, g ij and B ij are the components of the metric and the B-field of the background, respectively. It was shown in [4] that the deformed solutions can be obtained via the action of the following O(d, d) matrix: 
γ is a real constant. Here, the solution generating symmetry is O(2, 2). However, the associated T-duality matrix T 2 has to be embedded in O(d, d), due to the coupling of x 1 and/or x 2 with the coordinates
The transformation of the background matrix and the dilaton under the action of the above [23] :
The other g and B components of the background do not get any additive γ corrections.
The Ramond-Ramond fields transform in the spinorial representation of O(d, d). One can show that their transformation under the particular O(d, d) element (2) can be found through the action of the operator (see [24, 25, 26, 27] for details)
where i m is contraction with respect to the isometry direction ∂/∂x m , i m ≡ i ∂/∂x m . The operator T acts on F , which is defined as
where F p 's are the p-form field strengths with p even in type IIA and odd in type IIB theory. F p for p > 5 is defined via its Hodge dual as F 10−p = (−1)
2 ] is the first integer greater than or equal to p−1 2 [28] . Using (6) and (3) we have
whereF p andB are fields after the deformation. Then it follows that the transformation rule for the 4-form and 2-form fields F 4 and F 2 in Type IIA theory are [18, 4] :
After this brief review of the method used in [4] to obtain the LM deformations, let us describe our method to deform a given eleven dimensional background with three or more commuting isometries. We start by singling out a 3-torus associated with three of these isometries. Then we reduce to ten dimensions along one of the directions of the 3-torus. We obtain a new solution in ten dimensions by the action of the T-duality matrix (2), corresponding to the remaining two isometries. Lifting back to eleven dimensions, we obtain the deformed M-theory backgrounds. We make the following two assumptions on the given 11-dimensional solution:
(i) Its metric contains n ≥ 3 commuting isometries, which decouple from other coordinates.
(ii) Its 4-form field strength has at most one leg along these n directions.
We start by taking n = 5 for convenience, as this will allow us to discuss different types of deformations simultaneously. Moreover, this is not a strong restriction, since many widely studied M-theory backgrounds have this property, as we will see. However, let us remark that we don't need all these 5 directions to correspond to U (1) isometries, only 3 will be enough to obtain a single parameter deformation with our method. The remaining two can be any directions that couple to the deformation 3-torus in the metric. The cases in which there are no such couplings or the background does not contain five U (1) isometries will be considered at the end of this section. The second assumption above is required in order to give general formulas for the deformation of the 4-form field, as we explain below. Our formulas will be valid for any given eleven dimensional background meeting these two conditions. We will discuss how our method works, when the second assumption is violated through an example in subsection 2.3.
The standard ansatz for reducing a given D = 11 background to 10 dimensions is
Here z is the coordinate along which we are reducing, A is a one-form and φ is the dilaton. The subscript s refers to the fact that the ten dimensional metric is in the string frame.
We label the five U (1) coordinates as x 1 , · · · , x 5 . Our first assumption implies that the initial eleven dimensional metrics will be such thatĝ mµ = 0 for all m = 1, · · · , 5 µ = 6, · · · , 11, that is, these 5 isometry directions in the geometry is separated from the transverse part to it. Then, choosing one of the isometry coordinates as the coordinate z along which we reduce, the eleven dimensional metric using the reduction ansatz (10) takes the form
where m, n = 1, · · · , 5, µ, ν = 6, · · · , 11, i, j = 1, · · · , 4. Note that we have labeled x 5 ≡ z. One can easily see that the fields with and without hats are related as
where we have used e 4/3φ =ĝ zz and A i =ĝ iz /ĝ zz .
The ansatz for the reduction of the 3-form fieldĈ 3 in eleven dimensions is as followŝ
Differentiating both sides we find the ansatz for the reduction of the eleven dimensional 4-form field strengthF 4 = dĈ 3 . A convenient way of writing it is (see e.g. [29] )
where
After dimensional reduction to D = 10, the next step is to perform the deformation along two of the isometry coordinates which we label as x 1 and x 2 as above. Then the 3-torus that we use to generate a new solution has coordinates {x 1 , x 2 , x 5 }. Because of our first assumption we have g µi = 0 for all i = 1, · · · , 4 and µ = 6, · · · , 11. Moreover, looking at the ansatz (15) we see that our assumption onF 4 implies that B ij = B iµ = 0. Thus we have d = 4 in (2). 1 Also note that background matrix (1) E symmetric, that is E = g ij . From (5), (2), (3) and (4) we get
g wi = Gg wi , w = 1, 2
where we have defined
Here g is the 4 × 4 matrix with entries g ij and our convention for the B-field is such that
and ǫ IJ is an antisymmetric tensor with ǫ IJ = 1 for I < J. As can be seen from (13), the lifting ofB IJ to D = 11 brings the contributionB ∧ dz to the 3-form field in the deformed D = 11 background, which is linear in the deformation parameter γ. An extra contribution comes from the lifting of the deformed 3-form field C 3 in D = 10. Remember that because of our condition onF 4 we have B ij = B iµ = 0. Also note that
can have at most one component along the isometry coordinates. Then all contraction terms in (9) are zero except the γi 1 i 2 F 6 = γi 1 i 2 ⋆ 10 F 4 term. Thus,
where in the last line we have decomposed the deformed B-field into its partB || along the isometry directions and the partB ⊥ transverse to the isometry directions
1 It might happen that one or two of the remaining isometries {x 3 , x 4 } have no couplings with x 1 and x 2 , in which case it would be enough to choose d = 2 or d = 3, respectively. However, we prefer to consider the most general case with d = 4, as the others can be studied within this formalism. (14), we find the deformed 4-form fieldF 4 in eleven dimensions:
where the Hodge star is taken in ten dimensions with respect to the undeformed metric. We also use the fact thatÃ = A, as it follows from (21) . This formula can be written in terms of the eleven dimensional fields as (see Appendix A for the proof):
where m, n, p, q, r ∈ {1, 2, 3, 4, z = 5} andĝ is the 5×5 torus-matrix with entriesĝ mn and we used {x 1 , x 2 , x 5 } directions for the deformation. The Hodge dual ⋆ 11 is taken in the 11-dimensional space, with respect to the undeformed metric. Also ǫ mnp = 1 when m < n < p and it is totally antisymmetric in its indices.
Now in order to lift the ten dimensional deformed metric back to eleven dimensions we have to substitute (16) in the reduction ansatz (10) . As a result we havẽ
where we have usedÃ = A. Using (18) and (16) together with (11), (12) and the fact that e 4/3φ =ĝ zz , we can write the deformed eleven dimensional metric (26) as:
Now using the following facts (see Appendix B for the proof)
we can write the metric in (27) completely in terms of the eleven dimensional fields:
Using (28) in (19) , G can be expressed as
As we see, our new solution is expressed in terms of the original one and subdeterminants of the torus matrixĝ. Hence, there is no need anymore to refer to D = 10 or details of the derivation. Note that we have additive correction terms to ds 2 11 only along the isometry coordinates, which are not involved in the deformation process namely along x 3 and x 4 . Also the correction terms detĝ(r | s), r, s = 3, 4 are invariant under the relabeling of the indices {1, 2, 5}. If we interchange the indices 1 ↔ 2, 1 ↔ 5, or 2 ↔ 5 in the matrixĝ(r | s), the resulting matrix will have the same determinant as one can pass from one to the other by equal number of row and column interchanges. It is also easy to see that the correction terms coming to the deformed 4-form fieldF 4 in (25) are invariant under the relabeling of the indices 1 ↔ 2, 1 ↔ 5, or 2 ↔ 5. 2 Consequently, once we fix the deformation 3-torus with coordinates {x 1 , x 2 , z = x 5 }, it does not make a difference as to how we choose the reduction and the T-duality coordinates; the resulting deformed metric ds 2 11 and the deformed 4-form fieldF 4 will always be the same. In deriving our main equations (25), (29) and (30), we assumed the existence of five U (1) isometries. However, let us emphasize that these formulas are also valid if x 3 and x 4 are not U (1) directions but just some coordinates that mix with the deformation 3-torus {x 1 , x 2 , x 5 } in the metric. If there are no such couplings or if the the original background has only three or four U (1) isometries, then our formulas can easily be modified. The case when the background has only four commuting isometries that decouples from the rest can be regarded as a special case for our general method, in which x 4 (or x 3 ) does not mix with the remaining isometry coordinates. When x 4 does not mix, we have detĝ(3 | 3) =ĝ 44 detĝ(3, 4 | 3, 4), as a result of which the coefficient of dx 4 dx 4 in the metric (29) 
44 . Also detĝ(3 | 4) vanishes, so that the only additional term in the deformed metric is to the term dx 3 dx 3 . This happens frequently in the examples below, for instance in β deformations when x 4 is the AdS 4 isometry direction. Now the general formulas become:
whereĝ is the 4×4 matrix with entriesĝ mn , m, n = {1, 2, 3, 5}. Here x 3 is not necessarily a U (1) direction, and if so this would be the result with n = 3 where the deformation 3-torus directions have couplings with x 3 . Similarly, backgrounds with 3 commuting decoupled isometries can be regarded as a special case, for which both x 3 and x 4 do not mix with the 3 remaining isometry coordinates. Letĝ denote the 3 × 3 torus matrix that corresponds to the remaining U (1) directions {x 1 , x 2 , x 5 }. Then, we havẽ
where m, n ={1, 2, 5}.
Now we apply our results to some examples. In some of them (such as the one in the next subsection) one or two of the unused isometry directions {x 3 , x 4 } have no coupling with the deformation directions {x 1 , x 2 , x 5 }. As we have just explained above, in such cases it is possible to work with 4 × 4 or 3 × 3 torus matrices. However, to make our presentation more coherent we will always take the background matrices as 5 × 5.
Example 1:
In this subsection we will consider the β and dipole deformations of the background
where Y 7 is the seven dimensional Sasaki-Einstein space found recently by [6] with base CP 2 . Although, its β deformation was already obtained in [13] , we will begin with that example to illustrate our method.
For this background our 11-dimensional metric and the 4-form field are
where AdS 4 and Y 7 metrics are given after suitable scalings as
and
Here U, q, ω, f are some functions of ρ (for details see [13] ), j 1 = 3(µ 2 1 dφ 1 +µ 2 2 dφ 2 ) and
where the last one is the R-symmetry direction. 3 
β Deformations
Let us label the 5-torus directions (∂ φ 1 , ∂ φ 2 , ∂ ψ , ∂ χ 2 , ∂ α ) as {x 1 , ..., x 5 } respectively. That means that we choose our 3-torus for the deformation as (φ 1 , φ 2 , α) and therefore avoid using the Rsymmetry ∂ ψ in the deformation process. The reduction direction is z = α. Then, the 5-torus matrix iŝ
where δ ≡ (q + ωf 2 ) andĝ is a symmetric matrix. The nonzero subdeterminants are
Then, the eleven dimensional deformed metric from (29) is
In writing the metric we used the fact that detĝ(3 | 3) = g 44 detĝ(3, 4 | 3, 4).
The Hodge dual of the 4-form field is
Then using (25) we find the deformed 4-form fieldF 4 aŝ
These agree with the results of [13] and here we have the additive correction term in the metric (38) , that is G 2/3 γ 2 9µ 2 1 µ 2 2 µ 2 3 ρ 4 ωqdψ 2 , written explicitly.
Dipole Deformations
Now we apply our method to obtain dipole deformations of the above background (33) . The necessary torus matrix is obtained from (36) by interchanging its rows and columns in the order 4 ↔ 5, 3 ↔ 4 which gives the following symmetric matrix
Here
So, the deformation 3-torus is {φ 1 , φ 2 , χ 2 } and again we don't use the R-symmetry ∂ ψ . The relevant nonzero subdeterminants are
Then the deformed metric from (29) is
Using (25) we find the deformed 4-form fieldF 4 aŝ
2.2 Example 2:
Our next background is AdS 7 × S 4 . Noncommutative and dipole deformations of the M 5-brane solution were studied in [17] , where the near horizon limits was also explained. Here we directly start from the AdS 7 × S 4 geometry and use a metric parametrization different from [17] . This background can be written as (after suitable rescalings):
where spheres are parametrized as
U (1) directions are {φ 1 , φ 2 , φ 3 } and {χ 2 , χ 4 }. The 4-form field strength is given aŝ
In finding the deformed 4-form field in eleven dimensions we use the following orientation
Noncommutative Deformations
We perform a noncommutative deformation by choosing all the isometries from the AdS 7 part:
We also label x 3 = χ 2 , x 4 = χ 4 . Then the torus matrix is (s α ≡ sin α, c α ≡ cos α and s θ ≡ sin θ, c θ ≡ cos θ)
.
which is symmetric. The relevant nonzero subdeterminants are
The deformed metric is found from (29) as
Note that having detĝ(3 | 3) =ĝ 44 detĝ(3, 4 | 3, 4) and detĝ(4 | 4) =ĝ 33 detĝ(3, 4 | 3, 4) has simplified our results, as we discussed earlier.
On the other hand, using (25) the deformed 4-form field is found to bẽ
Type I Dipole Deformations
As noted in [17] there are two different ways to do the dipole deformations of AdS 7 × S 4 . The first option is to choose two isometries from the AdS part and one isometry from the S 4 part and the second option is to choose two isometries from the S 4 and one from the AdS 7 .
Following the terminology introduced in [17] we call them Type I and Type II deformations, respectively. In this subsection we will consider only the Type I case and leave discussion of the other to the subsection 2.3. The Type I case is in agreement with our assumption onF 4 and hence we can use our general formulas (24) and (29) . For example, labeling directions as
The relevant nonzero subdeterminants are
Then the deformed metric using (29) is
Again we have used the fact that detĝ(3 | 3) =ĝ 44 detĝ(3, 4 | 3, 4) and the identity G 2/3 −G −1/3 = G 2/3 γ 2 ∆. Meanwhile, the deformed 4-form field from (25) iŝ Until now we have discussed 1-parameter deformations, with the assumption thatF 4 has at most one leg along the isometry directions. In this section, we illustrate how our method works, when this assumption does not hold. We do this by considering the dipole deformation of the AdS 7 × S 4 example (47) where the 3-torus associated with the deformation has coordinates {φ 1 , χ 2 , χ 4 }. At first sight, there seems to be two options to perform the deformation, which might yield different results. One possibility is to start by reducing along an S 4 coordinate (χ 2 or χ 4 ). This gives rise to a B-field in ten dimensions, which has a component along the remaining S 4 isometry coordinate. Therefore the background matrix (1) is not symmetric anymore. On the other hand, reducing along the AdS 4 coordinate φ 1 , one ends up with no B-field in ten dimensions and the background matrix is still symmetric. As a result, the transformation of the background matrices under T-duality will give results of different forms. In fact, each step of dimensional reduction, T-duality and lifting, works differently for these two options.
In what follows, we analyze these steps separately for each case and reach the (nontrivial but expected) result that both choices yield the same deformed solution up to a sign in γ terms.
Suppose that we reduce along one of the isometry directions of S 4 , say χ 2 . Then, we generate a B-field in 10 dimensions, which has one leg along the isometry direction χ 4 : B χ 1 χ 4 = 0 or B χ 3 χ 4 = 0. Thus, we cannot apply the general formulas we derived before and have to analyze the reduction, T-duality, lifting process again. After reducing along χ 2 , the ten dimensional metric in the string frame becomes:
where we used the fact that A = 0 and e 4/3φ = cos 2 χ 1 .
Using (14) and (15) the reduction of the 4-form field (49) gives
in ten dimensions. We choose our gauge such that 4
Now our background matrix (1) is 6 × 6 and given as
in which the dotted entries are filled out by using the fact that the first 4 columns and rows form a symmetric 4 × 4 matrix. Here we have labeled our coordinates such that x 1 = χ 4 , x 2 = φ 1 , x 3 = φ 2 , x 4 = φ 3 , x 5 = χ 1 , x 6 = χ 3 . Then we find:
g µν = g µν , µ, ν ∈ {r, t, θ, α} g wi = Gg wi , w = 1, 2, i = 1, 2, 3, 4
andB ij = Gγ(g i1 g 2j − g i2 g 1j ), i, j = 1, 2, 3, 4 B 1s = GB 1s , s = 5, 6 B 2s = 0,
Looking at (9) we see thatF
Then the lifting of the metric to eleven dimensions withÃ = 0 is given by: 
where we have usedg µν = g µν = Gg µν + (1 − G)g µν = Gg µν + γ 2 ∆Gg µν , µ, ν ∈ {r, t, θ, α}. The metric components can be read from (65).
Meanwhile, the only contribution to the deformed 4-form field in eleven dimensions comes from the deformed B-field in ten dimensions and is given by:
One can check by explicit computation that if we interchange x 1 ↔ x 2 , that is, if we set
, the eleven dimensional deformed metric and the deformed four form field will be the same except for the fact that the γ corrections will have an overall −1 factor. On the other hand, if we start by reducing along χ 4 and label the coordinates of the background matrix such that x 1 = φ 1 , x 2 = χ 2 we again obtain the deformed metric (71) and the deformedF 4 (72), whereas switching x 1 with x 2 brings an overall -1 factor to the γ corrections. Now let us consider the case of dimensional reduction along the isometry direction from AdS 7 , i.e. φ 1 . This choice generates no B-field in 10 dimensions:
After reduction along φ 1 we obtain the ten dimensional metric as 1 r sin α ds
where Ω 4 is given in (48) and
Note that we have e 4/3φ = r 2 sin 2 α and A = cos 2 θdφ 2 + cos 2θdφ 3 . Now we T-dualize along the remaining two isometries: χ 2 and χ 4 . Because these two coordinates do not mix with any other direction in the metric, the background matrix (1) is only 2 × 2:
Acting on this background matrix with the T-duality matrix (2) with d = 2 we obtain the deformed fields in ten dimensions:
We have a novelty in lifting this ten dimensional deformed metric back to eleven dimensions. One can see from (9) that in this case the two form F 2 has a nontrivial transformation and lifting the 10 dimensional deformed metric to eleven dimensions one has to use the deformed one-formÃ.
In a suitable gauge consistent with the choice we made in (64), the deformed one-formÃ to be used in lifting the ten dimensional deformed metric is
Then we get
where we have used G −1 = 1 + γ 2 ∆. Also using
we find
Reading A and A from (80) and using e 4/3φ = r 2 sin 2 α one finds that the metric in (83) is exactly the same as the metric in (71). Here too, changing the order of χ 2 and χ 4 brings an overall -1 sign to A (as the two contractions i χ 2 and i χ 4 anticommute) and hence an overall -1 sign to the γ correction to the eleven dimensional metric in (83). The deformed 4-form field in 11-dimensions can be found from (14)
where we use (77), (79) and (80). It can be shown that (84) is equivalent to (72) by using the identity G = 1 − γ 2 ∆G. Again interchanging x 1 ↔ x 2 brings an overall -1 factor to the γ corrections in (84).
Therefore, it is still true that once we fix T 3 (which, in this case is the {χ 2 , χ 4 , φ 1 } torus), it does not make a difference as to how we choose the reduction and T-duality directions, up to a sign in the γ corrections to the metric and the 4-form field as was observed in [17] . We see from the above discussions that the sign is the same as the sign of ǫ zx 1 x 2 , where ǫ χ 4 χ 2 φ 1 = 1. Note that this sign issue in the metric did not arise in the previous subsections, as we had symmetric background matrices and hence no γ corrections in the eleven dimensional deformed metric.
Multiparameter Deformations
In the previous section, we studied 1-parameter deformations of M-theory backgrounds with five commuting isometries. Our method involved fixing a three dimensional subtorus of the 5-torus associated with these isometries. Then we used one of the directions of this 3-torus for the reduction and the remaining two for T-dualization. In this section, we will generalize our discussion to multiparameter deformations. The most general deformation would have ten parameters, which can be obtained by performing our method ten times subsequently, by using the 5 3 = 10 possible 3-tori embedded in the 5-torus. A less complicated, 6-parameter deformation can be obtained by fixing the reduction direction, say z, and then applying the T-duality transformation via the matrix (2), 4 2 = 6 times. As we have seen, once the 3-torus is decided, it does not make a difference as to which direction is chosen for the reduction. Therefore, the 6-parameter deformation obtained this way would be equivalent to a deformation by using the 6 possible 3-tori with coordinates {z, x i , x j }, where x i , x j are chosen from the 4 remaining isometries of T 5 . The six consecutive T-duality transformations in ten dimensions can still be obtained by the action of a single O(4, 4) matrix T defined as [4] :
where each T r is an O(4, 4) matrix of the form
with 
From (85) it is easy to see that Γ = Γ 1 +Γ 2 +Γ 3 +Γ 4 +Γ 5 +Γ 6 . Setting γ 1 = γ 2 = γ 4 = γ 5 = γ 6 = 0, T given in (85) becomes equal to the T-duality matrix in (2) that we used for the one-parameter deformation with γ = γ 3 . Instead of giving the results for a 6-parameter deformation, we will make a further simplification and set γ 4 = γ 5 = γ 6 = 0, that is, we will not involve the isometry corresponding to the shift of the coordinate x 4 in the deformation process. This is a sensible choice to make, as one of the isometries in the original eleven dimensional background will always be associated with the R-symmetry on the field theory side 5 . Let us remind that, strictly speaking x 4 does not have to be a U (1) direction, since we are not using it for deformation process. With this the matrix Γ becomes
This choice corresponds to performing 3 successive O(2, 2) T-duality transformations in D = 10 using the isometry directions {x 1 , x 2 }, {x 1 , x 3 } and {x 2 , x 3 } with parameters γ 3 , γ 2 , γ 1 respectively. Each O(2, 2) leads to a LM deformation.
We again assume thatF 4 has at most one leg along the torus directions which are decoupled from the rest of the geometry. With these assumptions the background matrix E in D = 10 (1) becomes symmetric. Now we reduce along one of the coordinates which we have named x 5 = z and deform the resulting ten dimensional metric in the string frame using (85) on E. From the transformation rules (5) and (4) we find:
In order to lift this deformed ten dimensional metric back to eleven dimensions we go through the same steps as in the previous section and derive
with
Hereĝ is the 5 × 5 torus matrix with entriesĝ mn .
On the other hand, the Ramond-Ramond fields in the deformed ten dimensional geometry can be found via the action on (7) of the operator T (6) which takes the form
for Γ in (89). Here ǫ 123 = 1. Finding the deformed 4-form field and lifting it to eleven dimensions with the B-field in the deformed geometry we find
where ǫ mnp = 1 for m < n < p with m, n, p = {1, ..., 5} and a, b, c = {1, 2, 3}. Note that in deriving (92) and (95) we used {x 1 , x 2 , x 5 }, {x 1 , x 3 , x 5 } and {x 2 , x 3 , x 5 } tori with deformation parameters γ 3 , γ 2 and γ 1 respectively.
Let us note that when γ 2 = γ 1 = 0 then formulas (92), (95) and (91) reduce to our single parameter results (29), (25) and (19) with γ 3 = γ. When only one of the γ a = 0 we have a 2-parameter deformation. Finally we would like to point out that our formulas are still true if the x 4 coordinate is not a U (1) direction but just a coordinate that mixes with {x 1 , x 2 , x 3 , x 5 }. If in the given background there is no such mixing or if there are only 4 decoupled U (1) directions to begin with, it is straightforward to adopt our main formulas (92), (95) and (91). This will just be a special case of the above where the 4'th U (1) direction does not couple with others. Letĝ be the 4 × 4 torus matrix of {x 1 , x 2 , x 3 , x 5 }. Then,
where m, n, p = {1, 2, 3, 5}.
Example: AdS
In this section we will apply the method we described above to obtain 3-parameter deformations of the background
where X 7 is the seven dimensional Sasaki-Einstein space found recently in [6] with base S 2 × S 2 . The metric and 4-form field are
where AdS 4 metric is given in (34) and
Here the radius of the Sasaki-Einstein manifold is taken to be 1. In this case the radius of the AdS 4 is 1/2 and in writing the above metric we scaled time and radial coordinates with factor 2. The functions U, ω, f and q are functions of ρ that are given in [6] and
In addition to the AdS 4 Killing vector ∂ χ 2 there are four more commuting isometries of X 7 with Killing vectors ∂ φ 1 , ∂ φ 2 , ∂ α , ∂ ψ . The last one corresponds to the R-symmetry U (1) on the field theory side.
β Deformations
We label the coordinates as x 1 = φ 1 , x 2 = φ 2 , x 3 = ψ and x 4 = χ 2 and choose α as the reduction direction, i.e., z = x 5 = α. Setting x 4 = χ 2 guarantees that the deformation involves no dipole deformation. These correspond to the choice of three 3-tori with coordinates {φ 1 , φ 2 , α}, {φ 1 , ψ, α}, {φ 2 , ψ, α}, whose deformation parameters are γ 3 , γ 2 and γ 1 , respectively. The 5-torus matrix is (
Missing entries are filled using the fact thatĝ is a symmetric matrix. Evaluating the relevant non-zero subdeterminants are given in (121). Then using (92) the deformed metric becomes
Note that in deriving (100) we used (92) in which the dχ 2 2 terms combine to give the dχ 2 2 term in the AdS 4 metric (34) by using the fact that G −1/3 = G 2/3 G −1 . On the other hand from (97) we get
and using (95) we find the deformed 4-form fieldF 4 aŝ
Here we used the orientation given in [13] for the volume forms which are fixed by Killing spinors of X 7 . Setting γ 1 = γ 2 = 0 and γ 3 = γ in (100) and (103) we find the result of [13] albeit presented in a different way. Note that this is the only β deformation for which the R-symmetry ∂ ψ is left untouched.
Dipole Deformations
In this case one of the coordinates of the 3-tori used for the deformation should always be chosen as the AdS 4 isometry direction χ 2 . We ensure that by choosing x 5 = z = χ 2 . The omitted isometry corresponds to the shift of the R-symmetry direction ψ, so we set x 4 = ψ. Then our 5-torus matrix is obtained from (99) by interchanging the columns and rows in the following order: 4 ↔ 5, 3 ↔ 4 .
Note that we have set x 1 = φ 1 , x 2 = φ 2 , x 3 = α. Therefore the 3-parameter deformation we will present here is the one obtained by using the 3-tori {χ 2 , φ 1 , φ 2 }, {χ 2 , φ 1 , α} and {χ 2 , φ 2 , α}. The relevant non-zero subdeterminants are given in (122). So, we see from (92) that the deformed metric becomes 
After the deformation the 4-form field can be found using (95) as:
where necessary determinants are given in (122). Note that there is no contribution to the above from the Hodge dual * 11F4 since it has no leg in the reduction direction χ 2 .
Mixed Deformations
Here we will consider a multiparameter deformation where a combination of dipole and β deformations are applied. Our choice for the reduction coordinate is z = x 5 = α. We set
Therefore the deformation is obtained by using the 3-tori {α, φ 1 , φ 2 }, {α, φ 1 , χ 2 } and {α, φ 2 , χ 2 } and it is a mixed deformation involving two dipole and one β deformation. The R-symmetry direction ψ is not used 6 . The 5-torus matrix is obtained from (104) by interchanging the 3rd and 5th columns and rows:
The relevant subdeterminants which are non-zero are given in(123). So, we see from (92) that the deformed metric becomes
Note that there are two more possibilities. Had we chosen x 1 = α, x 2 = φ2, x 3 = χ2, x 4 = ψ, x 5 = φ1 we would have a deformation obtained by using the 3-tori {φ1, α, φ2}, {φ1, α, χ2} and {φ1, φ2, χ2}. Similarly choosing
would give a deformation obtained by using the 3-tori {φ2, φ1, α}, {φ2, φ1, χ2} and {φ2, α, χ2}. 
Using (95) we find the deformed 4-form fieldF 4 aŝ
where necessary subdeterminant are given in (123). When γ 1 = γ 2 = 0 the metric (109) and the 4-form (111) of the mixed deformation reduce to those of a single-parameter β deformation (100) and (103) as expected. Similarly, when γ 3 = 0 the above metric reduces to the metric of 2-parameter dipole deformation (105) as it should. However, in this case single γ 1 and γ 2 terms in (107) and (111) have opposite signs. By sending γ 1,2 → −γ 1,2 in one of them, they become equal. This is not a surprise, since we are using different orientations for the corresponding 5-tori. In the mixed deformation our order of torus directions is {φ 1 , φ 2 , χ 2 , ψ, α} whereas in the dipole deformation it is {φ 1 , φ 2 , α, ψ, χ 2 } and we have ǫ mnp = 1 for m < n < p.
Conclusions and Discussions
The main results of this paper are equations (25) , (29), (92) and (95), along with (30) and (93). These reduce the problem of finding one or multiparameter deformations of a D = 11 supergravity background to a simple calculation of some subdeterminants. They can be applied to any 11-dimensional background with 5 U (1) isometries, whose 4-form field has at most one leg along these. Our method works irrespective of how the 5-torus lies in the geometry. However, the torus coordinates should not mix with the others. These conditions are not very restrictive, as they are met by many frequently used M-theory solutions. Moreover, our results can be adopted easily to backgrounds with only four or three U (1) directions, as we showed in (31), (32) and (96). We also explained in section 2.3, through a specific example, how our method is modified, when the condition on the 4-form field is violated. Naturally, our results can be applied to many other interesting backgrounds. For instance, the dipole or multiparameter deformations of the solutions considered in [12, 13] can be obtained easily. We hope that our formulas will be useful in the construction of such new examples, especially for multiparameter deformations.
Although our method works for any M-theory background with 5 U (1) isometries we demonstrated our results with backgrounds of the form AdS 4 × M 7 or AdS 7 × M 4 , as they are of obvious interest for the AdS/CFT correspondence. In the first case, the dual field theory can be regarded as a three dimensional field theory arising on the world-volume of coincident M2 branes, or more appropriately, as the IR limit of the field theory on the world-volume of coincident D2 branes, from the IIA perspective. The Sasaki-Einstein manifolds we consider in this paper have two Killing spinors, and hence the dual field theory is an N =2 supersymmetric field theory. They have large isometry groups (SU (2) × SU (2) × U (1) 2 for the one with the base S 2 × S 2 and SU (3) × U (1) 2 when the base is CP 2 ), which correspond to the global symmetries of the dual field theory. In each case, the Killing spinors transform as a 2 of one U (1) factor 7 of the isometry group and this corresponds, on the field theory side, to the U (1) R-symmetry, which acts on the supercharges. Therefore, we expect that the dual field theory remains N =2 supersymmetric, as long as this particular U (1) (whose corresponding Killing vector is the Reeb vector) is not involved in the deformation process, which was verified explicitly for our one parameter β deformation case in [13] . Hence, we expect our examples in sections 2.1 and 3.1 to preserve N =2 supersymmetry except the 3-parameter β deformation case discussed in section 3.1.1. This last one should break supersymmetry completely, as any symmetry that leaves one of the Killing spinors invariant should also leave the other invariant (for a general argument, see [13] ). For the AdS 7 × S 4 case the dual theory is a six dimensional N =(2,0) supersymmetric CFT [20] . We expect supersymmetry to be preserved in our noncommutative deformation since the SO(5) R-symmetry remains intact, whereas it should be broken in dipole deformations.
An important problem here is to identify the marginal operators (for the β deformations) on the field theory side, that corresponds to our deformations. Let us recall the AdS 5 × S 5 example, whose dual field theory is d = 4, N =4 supersymmetric Yang-Mills theory. Here, choosing all the deformation directions from the AdS 5 part corresponds to a noncommutative deformation on the field theory side, whereas choosing one direction from the AdS 5 and one from the S 5 results in a dipole deformation. Making analogy with the noncommutative case, Lunin and Maldacena showed that, choosing both U (1)'s from the S 5 part should give the duals of β deformations of the N =4 theory. The effect in the Lagrangian is to modify the product of fields charged under the global U (1) × U (1), just like the noncommutative deformations modify the ordinary product to a star product. This introduces phases in the Lagrangian that depend on the deformation parameter (and all three parameters for the 3-parameter case, see [19] ). This argument does not carry over directly to the 3 dimensional CFTs [13] , that arise as duals of the AdS 4 × M 7 backgrounds, although some steps have been taken in this direction [30] . An alternative way to find the marginal operators for the dual field theory is to notice that the deformation, for small values of the deformation parameter, corresponds to turning on a massless mode in the Kaluza-Klein spectrum of the undeformed background. Then the dual operator should be of dimension d, where d = 4 for the AdS 5 case and d = 3 for the AdS 4 . Combining this with the fact that it has to belong to a short-multiplet and break the global symmetry group to U (1) 3 (which is because the isometry group is broken to U (1) 3 on the gravity side), one can identify the marginal operator in question. In this way, Lunin and Maldacena determined the marginal operator, which should correspond to the β deformation of AdS 4 ×S 7 [1] . Similarly, [13] proposed the operators corresponding to the deformations of the Sasaki-Einstein manifolds M (3, 2) and Q (1, 1, 1 ). These two Sasaki-Einstein manifolds are special in that they have proposals for their field theory duals [31] . We expect that similar arguments can be made for the Sasaki-Einstein manifolds we consider here, once their field theory duals (before deformation) is understood better. Recently, there have been important developments in this direction [32] . The duals of the mixed deformations would be especially interesting to study, since they have not been analyzed before elsewhere.
There are two straightforward generalizations of our results. One is to consider geometries with more than five decoupled U (1) directions or allow some coordinates to mix with these five U (1)'s. Another is to construct deformations with more than 3 parameters. Actually, as we saw when the number of U (1) directions is n, there can be n!/6(n − 3)! parameters. Sometimes one can have even supersymmetric deformations with more than 3 parameters. For example, in the mixed deformation case above, it is possible to have a 4-parameter deformation without using the R-symmetry direction.
It would also be interesting to study giant gravitons [33] on our new backgrounds. Giants on 10-dimensional β deformed solutions were analyzed in [34, 35, 36, 37] . It is desirable to extend these to D = 11 and to other types of deformations, which we aim to study in the near future.
where ⋆ (D+1) and ⋆ D denote the Hodge duals taken in D + 1 and D dimensions, respectively. In our case D = 10, n = 4, α = −1/3 and β = 2/3. Therefore, we have ⋆ 11 F 4 = ⋆ 10 F 4 ∧ (dz + A).
As a result we see that i ∂/∂z ⋆ 11 F 4 = ⋆ 10 F 4 .
On the other hand, it easily follows from (113) that i ∂/∂z ⋆ 11 This shows the equality of the second terms in (24) and (25).
Now we compare the third terms of (24) and (25) . There are 10 terms to be compared. The equality of the coefficients of the 6 of these terms which are of the form dx i ∧ dx j ∧ dz is obvious.
From (24) we see that the coefficients are dB ij and reading these terms from (17) we can directly observe the equality. Now let us look at the coefficients of the dx 1 ∧ dx 2 ∧ dx 3 terms. From (17), (24) and (28) 
Using the fact that A i =ĝ iz /ĝ zz (this can be seen directly from (11)) one can make the following observation: If we subtracted from (114) the term γG[detĝ(3, 4 | z, 4)] then the result would be γG times the determinant of a new matrix, say K, obtained fromĝ(4 | 3) by replacing its third row by the row {ĝ 1z /ĝ zz ,ĝ 2z /ĝ zz ,ĝ 3z /ĝ zz , 1}. It is easy to see that detK = 0 as its third row is a 1/ĝ zz multiple of its fourth row. Therefore we conclude that (114) is equal to γG(detĝ(3, 4 | z, 4)), which is exactly the term that is given by the third term in the formula (25) .
One can also show that the coefficients of the terms dx 1 ∧ dx 2 ∧ dx 4 , dx 1 ∧ dx 3 ∧ dx 4 and dx 2 ∧ dx 3 ∧ dx 4 which are read from (24) and (25) are equal by using arguments similar to the above.
B Proof II
Here we will prove equation (28) . To do this we define a new matrixĝ ′ as the 5 × 5 matrix with entries (ĝ ′ ) ij = e −2/3φ (g) ij = (ĝ zz ) −1/2 (g) ij , (ĝ ′ ) i5 = (ĝ ′ ) 5i = 0, i, j = 1, 2, 3, 4 and (ĝ ′ ) 55 = e 4/3φ =ĝ zz . This new matrixĝ ′ and the original 5 × 5 matrixĝ with entries (ĝ) ab = g ab , a, b = 1, 2, 3, 4, z are related under the following transformation 
where A i are the functions appearing in A = A i dx i , i = 1, 2, 3, 4. This can be seen directly from (11) . Therefore, det(ĝ) = det(S) 2 det(ĝ ′ ) = det(ĝ ′ ). Similarly one can show that
which implies
On the other hand, from the the way we have defined the matrixĝ ′ (115) we see that
where we have used e −2/3φ = (ĝ zz ) −1/2 andĝ ′ (i | j) andĝ ′ (i, j | k, l) are 3 × 3 and 2 × 2 matrices, respectively. (119) and (120) together prove (28) .
C Subdeterminants
The relevant non-zero subdeterminants of the matrix (99) are:
detĝ(4 | 4) = ωqρ 4 s 2 1 s 2
